arXiv:hep-th/9507113v2 27 Sep 1995 


HUB-IEP-95/12 
DESY 95-?? 
hep-tli/9507m 


NON-PERTURBATIVE MONODROMIES IN iV = 2 HETEROTIC 

STRING VACUA 

Gabriel Lopes Cardoso, Dieter Liist 

Humboldt Universitdt zu Berlin 
Institut fiir Physik 
D-10115 Berlin, German]]^ 

and 

Thomas Mohaupt 

DESY-IfH Zeuthen 
Platanenallee 6 
D-15738 Zeuthen, German'^ 


ABSTRACT 

We address non-perturbative effects and dnality symmetries in A = 2 het¬ 
erotic string theories in fonr dimensions. Specifically, we consider how each 
of the fonr lines of enhanced gange symmetries in the perturbative moduli 
space of A = 2 T 2 compactifications is split into 2 lines where monopoles and 
dyons become massless. This amounts to considering non-perturbative effects 
originating from enhanced gauge symmetries at the microscopic string level. 
We show that the perturbative and non-perturbative monodromies consis¬ 
tently lead to the results of Seiberg-Witten upon identication of a consistent 
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1 Introduction 


Recently some major progress has been obtained in the nnderstanding of the non- 
pertnrbative dynamics of iV = 2 Yang-Mills theories as well as iV = 2 snperstrings 
in fonr dimensions. The qnantnm modnli space of the N = 2 SU{r + 1) Yang-Mills the¬ 
ories is described i I, B i by rigid special geometry, which is based on an (anxiliary) 
Riemann surface of genus r with the 2r periods (oj, am) (r = 1,... r) being holomorphic 
sections of the Sp{2r, Z) bundle dehned by the hrst homology group of the Riemann 
surface. The periods Oj are associated to r iV = 2 vector superhelds in the Cartan 
subalgebra of SU{r + 1); hence non-zero vacuum expectation values break SU{r + 1) 
down to The quantum moduli space possesses singular points with non-trivial 

monodromies around these points. The semiclassical monodromies are due to the one- 
loop contributions to the holomorphic prepotential, and the corresponding logarithmic 
singularities are the left-over signal of the additional non-Abelian massless vector helds 
at Oj = 0. However in the full quantum moduli space there are no points of enhanced 
non-Abelian gauge symmetries, and the semiclassical monodromies are split into non- 
perturbative monodromies, where the monodromy group Tm is a subgroup of Sp{2r, Z). 
The corresponding singular points in the quantum moduli space are due to magnetic 
monopoles and dyons becoming massless at these points. 

During the past years duality symmetries in string theory gained a lot of attention. First, 
the socalled target space duality symmetry (T-duality) (for a review see 0) is known 
to be a true symmetry in every order of string perturbation theory. Second, S'-duality 
0 was proposed to be a non-perturbative string symmetry, and evidence for S'-duality 
in Y = 4 heterotic strings is now accumulating. Moreover, string-string dualities 0, |[ 
between type II,I and heterotic theories in various different dimensions play an important 
role in the understanding of string dynamics. 

In this paper we will address non-perturbative effects and duality symmetries in Y = 2 
heterotic string theories in four dimensions. When coupling the N = 2 Yang-Mills gauge 
theory to supergravity, as it is necessary in the context of snperstrings, different additional 
effects play an important role. First, there is always one additional U{1) vector held, 
the socalled graviphoton. As a result of the gravitational interactions the couplings of n 
N = 2 vector multiplets plus the graviphoton are now described by local special geometry 
with the 2n -|- 2 holomorphic periods {X^, iFj) (/ = 0,..., n) being holomorphic sections 
of an Sp{2n -|- 2) bundle 0. Due to the absence of a propagating scalar partner of 
the graviphoton, the associated special Kahler space can be parametrized by projective, 
special coordinates = X^/X^ [A = 1,... ,n). In the context of four-dimensional 


1 


N = 2 heterotic string vacua another U{1) gauge boson plus a corresponding (complex) 
scalar held exists besides the vector helds of the rigid theory, namely the dilaton-axion 
held S. In the rigid theories, S appears merely as a parameter for the classical gauge 
coupling plus theta angle, but in string theories S becomes a dynamical held. It can be 
either described by a vector-tensor multiplet ||T0| , phi or, as we will keep it in the following, 
by an = 2 vector multiplet. Thus the total number of physical vector multiplets is 
given by n = r -f- 1, where r is the number of moduli helds in vector multiplets which 
are in one to one correspondence with the Higgs helds of the rigid theory. In a recent 


very interesting developement, some convincing evidence accumulated P, that the 
periods {X^,iFj) of the full heterotic N = 2 quantum theory are given by a suitably 
chosen Calabi-Yau threefold with dimension of the third cohomology group 63 = 4 -|- 2r. 
Moreover, based on the ideas of heterotic versus type II string duality, this Calabi-Yau 
space does not just serve as an auxiliary construction, but there exists a dual type II, 
N = 2 string compactihed on this Calabi-Yau space. This observation opens the exiting 
possibility to obtain non-perturbative quantum ehects on the heterotic side by computing 
the classical vector couplings on the type II side, since in the type II theories the dilaton 
as the loop counting parameter sits in a hyper multiplet and, at lowest order, does 
not couple to the type II vector helds. If this picture turns out to be true, it consequently 
implies that the Riemann surface of the rigid theory is embedded into the six-dimensional 
Calabi-Yau space. 


In this paper we investigate (however without reference to an underlying Calabi-Yau 
space) how the semiclassical singular lines of enhanced gauge symmetries in Y = 2 het¬ 
erotic strings can be split non-perturbatively each into two singular loci, namely each into 
two lines where magnetic monopoles or dyons respectively beome massless. Specihcally, 
under the (reasonable) assumption that the non-perturbative dynamics well below the 
Planck scale is governed by the Yang-Mills gauge interactions a la Seiberg and Witten [Q, 
we are able to construct the associated non-perturbative monopol and dyon monodromy 
matrices. In addition, we address the question, how the already known perturbative as 
well as the here newly derived non-perturbative monodromies of the N = 2 heterotic 
moduli space lead to the rigid monodromies of |^, ^, ^. This embedding of the rigid 
monodromies into the local ones implies a very well dehned truncation procedure. As we 
will show this does not agree with the naive limit of Mpianck 00, because one also has 
to take into account the fact that in the string case the dilaton as well as the gravipho- 
ton are in general not invariant under the Weyl transformation. Thus, in other words, 
the dilaton and graviphoton fields have to be frozen, before one can perform the limit 
Afpianck ^ 
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The classical as well as the perturbative (one-loop) holomorphic prepotentials for N = 2 
heterotic strings were derived in |]^ |^. In particular, |]^ focused on heterotic 

string vacua which are given as a compactification of the six-dimensional iV = 1 heterotic 
string on a two-dimensional torus T 2 . These types of backgrounds always lead to two 
moduli fields, T and U, of the underlying T 2 ; the underlying holomorphic prepotential 
is then a function of S, T and U. At special lines (points) in the perturbative (T, U) 
moduli space, part of the Abelian gauge group is enhanced to SU{2), SU{2)‘^ or SU{3) 
respectively. This is the stringy version of the Higgs effect with Higgs fields given as 
certain combinations of the moduli T and U. Thus this situation is completely analogeous 
to the rigid case discussed in i I, B I; in the string case, however, the Weyl group, 
acting on the Higgs fields ai and 02 , of SU ( 2 ), SU ( 2 )^ or SU (3) as the classical symmetry 
group of the effective action is extended to be the full target space duality group acting on 
the moduli fields T and U ||^. In the next chapter we will recall the classical prepotential 
and the classical duality symmetries; in particular we will work out the precise relation 
between the field theory Higgs fields and the string moduli, and the relation of the four 
indepedent Weyl transformations to specific elements of the target space duality group. 
At the one loop level, the holomorphic prepotential exhibits logarithmic singularities 
precisely at the critical lines of enhanced gauge symmetries; moving in moduli space 
around the critical lines one obtaines the semiclassical monodromies. In the third chapter 
we will determine the Sp{8, Z) one-loop monodromy matrices corresponding to the four 
independent Weyl transformations of the enhanced gauge groups. We will discuss the 
consistent truncation to the rigid case and show that the truncated one-loop monodomies 
agree with the semi-classical monodromies obtained in B ii- Finally, in chapter four, 
we derive, under a few physical assumptions, the splitting of the one-loop (i.e. semi¬ 
classical) monodromies into a pair of non-perturbative monopole and dyon monodromies. 
We show that with the same truncation procedure as in the one loop case we arrive 
at the non-perturbative monodromies of the rigid cases. This analyis adresses the non- 
perturbative effects in the gauge sectors far below the Planck scale. Thus the dilaton field 
is kept large at the points where monopoles or dyons become massless. In addition one 
expects IQ] non-perturbative, genuine stringy monodromies at finite values of the dilaton, 
e.g. when gravitational instantons, black holes etc. become massless. It would be of 
course very interesting to compare our results with some computations of monodromies 
in appropriately choosen (such as ^ 24 ( 1 ,1, 2 , 8 , 12 ) |Q]) Calabi-Yau moduli spaces. 
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2 Classical results, enhanced gauge symmetries and Weyl reflections 


In this section we collect some results about N = 2 heterotic strings and the related 
classical prepotential; we will in particular work out the relation between the enhanced 
gauge symmtries, the duality symmetries and Weyl transformations. We will consider 
four-dimensional heterotic vacua which are based on compactifications of six-dimensional 
vacua on a two-torus T 2 . The moduli of T 2 are commonly denoted by T and U where U 
describes the deformations of the complex structure, U = {y/G — iGi 2 )/Gii (Gij is the 
metric of T 2 ), while T parametrizes the deformations of the area and of the antisymmetric 
tensor, T = 2(a/G + iB). (Possibly other existing vector fields will not play any role in 
our discussion.) The scalar helds T and U are the spin-zero components of two U{1) 
N = 2 vector supermultiplets. All physical properties of the two-torus compactifications 
are invariant under the group SO{2, 2, Z) of discrete target space duality transformations. 
It contains the T <r^U exchange, with group element denoted by a and the PSL{2, Z)t x 
PSL{2, Z)u dualities, which act on T and U as 


(T,U) 


aT — ib a'U — if' 


icT + d ’ ic'U -|- d' 


a, b, c, d, a', b', c', d' G Z, ad — be = a'd' — b'd = 1. 

( 2 . 1 ) 

The classical monodromy group, which is a true symmetry of the classical effective La- 
grangian, is generated by the elements a, gi, gi. T 1/T and g 2 , g 2 - T ^ 1/(T — i). 
The transformation t\ T —T -f- i, which is of inhnite order, corresponds to t = gd^Qi- 
Whereas PSL{2, Z)t is generated by gi and g 2 , the corresponding elements in PSL{2, Z)u 
are obtained by conjugation with a, i.e. g'^o = a~^gia. 


As mentioned already in the introduction, the N = 2 heterotic string vacua contain two 
further U{1) vector helds, namely the graviphoton held, which has no physical scalar 
partner, and the dilaton-axion held, denoted by S. Thus the full Abelian gauge sym¬ 
metry we consider is given by x At special lines in the {T,U) moduli 

space, additional vector helds become massless and the becomes enlarged to a 

non-Abelian gauge symmetry. Specihcally, there are four inequivalent lines in the moduli 
space where two charged gauge bosons become massless. The quantum numbers of the 
states that become massless can be easily read of from the holomorphic mass formula 


0,00 


Af = m 2 — imiU + iriiT — n2TU, 


( 2 . 2 ) 


where n,, mi are the winding and momentum quantum numbers associated with the Ath 
direction of the target space T 2 . Let us now collect the hxed lines, the quantum numbers 
of the states which become massless at the hxed lines; we already include in the following 
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table the Weyl transformations nnder which the corresponding lines are hxed: 


FP Transformations 

Fixed Points 

Qnantnm Nnmbers 

Wi 

U = T 

mi = ni = ±1, m 2 = 712 = 0 

W2 = w[ 

U=^ 

m 2 = 772 = ±1, mi = 77i = 0 

W '2 

U = T-i 

mi = m 2 = 77i = ±1, 772 = 0 

w'o 

^ iT+l 

mi = 77i = —772 = ±1, m 2 = 0 


At each of the fonr critical lines the 17(1)| is extended to SU{2)lxU{1) l. Moreover, these 
lines intersect one another in two ineqnivalent critical points (for a detailed discnssion 
see ([0)). At (T, U) = (1,1) the first two lines intersect. The fonr extra massless states 
extend the gange gronp to SU{2)\. At {T,U) = {p, p) (p = the last three lines 

intersect. The six additional states extend the gange gronp to SU{3). (In addition, the 
hrst and the third line intersect at (T, U) = {oo, oo), whereas the hrst and the last line 
intersect at (T,U) = (0,0).) 


The Weyl gronps of the enhanced gange gronps SU{2Y and SU{3), realized at (T, U) = 
(1,1), (p, p) respectively, have the following action on T and U\ 



tci, W 2 are the Weyl reflections of S't/(2)(i) x S'f/(2)(2), whereas and W 2 are the fnn- 
damental Weyl reflections of the enhanced SU{3). For later reference we have also listed 
the SU{3) Weyl reflection Wq = W 2 ~^w[w 2 at the hyperplane perpendicnlar to the high¬ 
est root of SU(3). Note that W 2 = w[. All these Weyl transformations are target space 
modnlar transformations and therefore elements of the monodromy gronp. All Weyl re¬ 
flections can be expressed in terms of the generators gi,g 2 ,o' and, moreover, all Weyl 
reflections are conjngated to the mirror symmetry a by some gronp element: 


wi = cr, W2 = w[ = giagi = g^ Vpi 


(2.5) 
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2 = tat ■ = (sj "92) V(gj ‘92), luj = 19.2 ‘w'jTOj 


( 2 , 6 ) 


As already mentioned the four critical lines are fixed under the corresponding Weyl 
transformation. Thus it immediately follows that the numbers of additional massless 
states agrees with the order of the fixed point transformation at the critical line, points 
respectively . 


Let us now express the moduli fields T and U in terms of the field theory Higgs fields 
whose non-vanishing vacuum expectation values spontaneously break the enlarged gauge 
symmetries SU{2)^, SU{3) down to First, the Higgs heldQ of S'f/(2)(i) is given 

by ai (X {T — U). Taking the rigid held theory limit ->• 0 we will expand 

^Planck 

T = To -|- U = Tq + k5U. Then, at the linearized level, the S'17(2)(i) Higgs held 
is given as ai cx {5T — 6U). Analogously, for the enhanced SU{2){2) fhe Higgs held is 
02 oc (T — l/H). Again, we expand as T = To(l -|- k5T), U = ^(1 -|- 5U) which leads to 
a 2 o: 5T + SU. Finally, for the enhanced SU{3) we obtain as Higgs helds a[ oc 6T + 6U, 
a '2 oc p^5T -|- p~^SU, where we have expanded as T = p + ST, U = p~^ + SU (see section 
H for details). 

The classical vector couplings are determined by the holomorphic prepotential which is 
a homogeneous function of degree two of the helds (J = 1,... ,3). It is given by 

Binnig 

(2.7) 


^ .A'>A'2A'=> 

F = i - 777 ;— = —STU, 


XO 


where the physical vector helds are dehned as S = T = U = —i^ and the 


graviphoton corresponds to X°. As explained in [|T4, 0. the period vector {X^,iFj) 
{Fj = ^), that follows from the prepotential (|2.7|) , does not lead to classical gauge 
couplings which all become small in the limit of large S. Specihcally, the gauge couplings 
which involve the U{l)s gauge group are constant or even grow in the string weak coupling 
limit S —>■ 00 . In order to choose a ‘physical’ period vector one has to replace F^,^ by 
its dual which is weakly coupled in the large S limit. This is achieved by the following 
symplectic transformation {X^,iFj) —>■ {P^,iQj) whereQ 

= iFi, Qi = iX^, and P* = X*, Qi = Fi for i = 0,2, 3. (2.8) 

In this new basis the classical period vector takes the form 

= (1, TU, iT, iU, iSTU, iS, -SU, -ST), (2.9) 

•^Note that the Higgs fields just correspond to the uniformizing variables of modular functions at the 
critical points, lines respectively. 

"^Note however that the new coordinates are not independent and hence there is no prepotential 
Q{P^) with the property Qi = 
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where = 1 . One sees that after the transformation (|2.8|) all electric vector helds 
depend only on T and U, whereas the magnetic helds Qi are all proportional to S. 


The basis O is also well adapted to discnss the action of the target space dnality trans¬ 
formations and, as particular elements of the target space duality group, of the four 


inequivalent Weyl rehections given in (^). In general, the held equations of the N = 2 
supergravity action are invariant under the following symplectic Sp{8, Z) transformations, 
which act on the period vector as 

/PM /PM / U Z\ / \ 


iQi 


iQi 


W Vj \iQj 


( 2 . 10 ) 


where the 4x4 sub-matrices U, V, W, Z have to satisfy the symplectic constraints 


U'^V - W'^Z = V^U - Z'^W = 1 , U^W = Z^V = V"^Z. ( 2 . 11 ) 

Invariance of the lagrangian implies that W = Z = Q, VU'^ = 1. In case that Z = 0, 
W ^ 0 and hence VU^ = 1 the action is invariant up to shifts in the 6 *-angles; this is 
just the situation one encounters at the one-loop level. The non-vanishing matrix W 
corresponds to non-trivial one-loop monodromy due to logarithmic singularities in the 
prepotential. (This will be the subject of section 3.) Finally, if Z 7 ^ 0 then the elec¬ 
tric helds transform into magnetic helds; these transformations are the non-perturbative 
monodromies due to logarithmic singularities induced by monopoles, dyons or other non- 
perturbative excitations (see section 4). 


The classical action is completely invariant under the target space duality transforma¬ 
tions. Thus the classical monodromies have W, Z = 0. The matrices 1/ (and hence 
V = U^’~^ = U*) are given by 


/ \ 
10 0 0 


/ \ 

0 0 10 


/ \ 

1 0 10 


p. = 


0 10 0 
0 0 0 1 




0 0 0 1 
-10 0 0 




0 0 0 1 
-10 0 0 


( 2 . 12 ) 


^ 0010 ^ 


0 -10 0 ^ 



-1 0 


1 


/ 


At the classical level the S'-held is invariant under these transformations. The corre¬ 
sponding symplectic matrices for the four inequivalent Weyl rehections then immediately 
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follow as 


Uwi 


t/.' = 


/ \ 

10 0 0 


0 10 0 


0 0 0 1 


y 0 0 1 0 y 


/ \ 

10 0 0 

111-1 

-10 0 1 




V 


10 10 


U,.,L = 


/ 


/ \ 

0 10 0 

10 0 0 

0 0 10 


0 0 0 1 y 


0 10 0 
0-101 


0 


1 0 


(2.13) 


/ 


Let us now discuss the masses of those states which saturate the socalled BPS bound. 
These masses are dermined by the complex central charge of the N = 2 supersymmetry 
algebra. In general the mass formula is given by the following expression ITS, 


= e^\MiP^ +iN^QjY = e^\M\\ 


(2.14) 


Here K is the Kahler potential, the Mj are the electric quantum numbers of U{1)^ and 
the are the magnetic quantum numbers. It follows that the classical spectrum of 
electric states, i.e. = 0, agrees with the string momentum and winding spectrum 
of eq. (|2.2|) , upon identihcation Mj = (m 2 , —n 2 , ui, —mi). Moreover, if one chooses lin¬ 
early dependent electric and magnetic charges, i.e. Mj/p = (m 2 , —n 2 ,ni, —mi),N^/q = 
(—n 2 ,m 2 , —mi. Til), then the classical mass formula factorizes as[| 


2 \{p + iqS){m 2 — imiU + iniT — n 2 UT)\'‘ 


^ {S + S){T + T){U + U) ■ 

The moduli dependent part again agrees with the classical string momentum and winding 
spectrum; p and q are the electric and magnetic S'-quantum numbers. Note that the 
factorized classical mass formula can be obtained by truncating the BPS mass formula 
of the = 4 heterotic string to the S, T, U subspace. 

Finally, requiring the holomorphic mass Ai in (|2.14|) to be invariant under the symplectic 
transformations (|2.10|) yields that the quantum numbers Mj and have to transform 


as 


{N, -Mf (N, -Mf P^ 


(2.16) 


We will, however, in the following not rely on this factorisation, but rather use equation (^.14|). 
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under (| 2 . 10 |) . 


3 Perturbative results 


Let us first review the main results about the one-loop perturbative holomorphic prepo¬ 
tential which were derived in |IT| , Using simple power counting arguments it is clear 
that the one-loop prepotential must be independent of the dilaton held S. The same kind 
of arguments actually imply that there are no higher loop corrections to the prepotential 
in perturbation theory. Thus the perturbative, i.e. one loop prepotential takes the form 

v2 y3 

F = = i -—— + (X°)V(T, U) = -STU + f{T, U) (3.1) 


where 




Q T n 

O = '*^777, J = —*^777, U = 


Taking derivatives of the 1-loop corrected prepotential gives that 
X^X^X^ 


(3.2) 


Fn = -i 


Fo = i 


(X0)2 
X^X^ 


+ 2X7(T, U) + tX^fr + tX^fu , F, = i 


X^X^ 

~X^ 


XO 


-jA'Vt, F3^i!^-iX°fu 


(3,3) 


which, in special coordinates, turns into 


Fa = STU + 2f{T,U)-TfT-Ufu, Fi =-iTU, F^^iSU-ifr, F^^iST-ifu 

(3.4) 

The 1-loop corrected Kahler potential is, in special coordinates, given by 

X(^,T,t/) = -l0gU, Y = Ytree + Yp,rU Yt^ee = {S+ S){T+ T){U+ U) 

Ypert = 2(/ + 7) - (T + T)(/t + h)-{U + U)ifu + lu) (3.5) 

The 1-loop corrected section = (P, iQ)'^ = (P°, P^, P^, P^, iQq, iQi, iQ 2 , iQs) is given 
by 

= {X^,tF,,X\X^tFo,-X\tF2,tFs) 

= (1, TP, tT, lU, iSTU + 2if - iTfr - tUfu, tS, -SU + /t, -ST + fu) (3.6) 


Since the target space duality transformations are known to be a symmetry in each or¬ 
der of perturbation theory, the tree level plus one-loop effective action must be invariant 
under these transformations, where however one has to allow for discrete shifts in the var¬ 
ious 9 angles due to monodromies around semi-classical singularities in the moduli space 
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where massive string modes become massless. Instead of the classical transformation 
rules, in the quantum theory, (P^, iQj) transform according to 




iQ, ^ Vi^iQj + W.jP’ 


(3.7) 


where 

V = W = VA, A = (3.8) 

and P belongs to SO(2, 2, Z). Classically, A = 0, but in the quantum theory, A is a real 
symmetric matrix, which should be integer valued in some basis. 

Besides the target space duality symmetries, the effective action is also invariant, up to 
discrete shifts in the 6*-angles, under discrete shifts in the S'-held, D: S' —>• S' + h Thus 
the full perturbative monodromies contain the following Sp(8, Z) transformation: 


Vs = Us = 


1 

0 

0 

0 


0 

-1 

0 

0 

0 

1 

0 

0 

, 1T5 = 

-1 

0 

0 

0 

0 

0 

1 

0 


0 

0 

0 

-1 

A 

0 

0 

A 



0 

-1 



Zs — 0 . 


(3.9) 


Invariance of the one-loop action up to discrete 0-shifts then implies that 

— -AijP^P^ 

This reads in special coordinates like 

f{T, U) {icT + d)-'‘U{T, U) + ®(r, U)) 


(3.10) 


(3.11) 


for an arbitrary PSL{2, Z)t transformation. T(T, U) is a quadratic polynomial in T and 

U. 

As explained in []^ ^ the dilaton is not any longer invariant under the target space 
duality transformations at the one-loop level. Indeed, the relations (|3.2|) and ( p.7|) irnply]^ 




S + 


U^jP^ 


(3.12) 


Near the singular lines the one-loop prepotential exhibits logarithmic singularities and 
is therefore not a singlevalued function when transporting the moduli helds around the 


® It is still possible to define an invariant dilaton field which is however not an iV = 2 special coordinate 
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singular lines. For example around the singular S'17(2)(i) line T = U ^ 1, p the function 
/ must have the following form 

/(T, U) = -{T- Uf log(T -U) + A(T, 17), (3.13) 

TT 

where A(T, U) is hnite and single valued at T = U ^ 1, p. At the remaining three critical 
lines f{T,U) takes an analogous form. Moreover at the intersection points the residue 
of the singularity must change in agreement with the number of states which become 
massless at these critical points (These residues are of course just given by the N = 2 pure 
Yang-Mills /d-functions for SU{2), SU{2)‘^ and 5173) (there are no massless additional 
flavors at the points of enhanced symmetries).) Specihcally at the point (T, U) = (1,1) 
the prepotential takes the form 

/(T, [/ = 1) = i(T - 1) log(T - 1)2 + A'(T) (3.14) 

TT 

and around (T, U) = (p, p) 

f{T, 17 = p) = -(T - p) log(T - pf + A"(T), (3.15) 

TT 


where A'(T), A"(T) are hnite at T = 1, T = p respectively. Since f(T, U) is not a true 
modular form, but has non-trivial monodromy properties, it is not possible to determine 
the exact analytic form of /(T, 17). However the third derivative transforms nicely under 
target space duality transformtions, and using the informations about the order of poles 
and zeroes one can uniquely determine 


a3/(T,17)cx 


+ 1 E4{iT)E4{iU)Ee{iU)r]-^^{iU) 
271 j{iT)-j{iU) 




-1 E^{iT)Ee{iU)r]-^\iT)Ei{iU) 
2vr j{iT)-j{iU) 


(3.16) 


This result has recently prooved to be important to support the hypotheses |^, ^ that 
the quantum vector moduli space of the N = 2 heterotic string is given by the tree level 
vector moduli space of an dual type II, A = 2 string, compactihed on a suitably choosen 
Calabi-Yau space. In addition to eq. (|3.16|) one can also deduce that 0.0 


StSuI = log(j(sr) - j(iU)) + finite (3.17) 

TT 

which has precisely the right property that the coefficient of the logarthmic singularity 
is proportional to the number of generically massive states that become massless. 


Using eqs. ( |2.14|) and 
the N = 2 BPS states: 


we can also determine the loop corrected mass formula for 


M = Mo + MiTU + iM2T + iM3U + iN^{STU + 2f-Tfr-Ufu) 

+ iN^S + N\fT-SU) + N^{fu-ST) (3.18) 
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We recognize that electric states with = 0 do not get a mass shift at the pertnrbative 
level. It follows that the positions of the singnlar loci of enhanced gange symmetries are 
nnchanged in perturbation theory. However the masses of states with magnetic charges 
7 ^ 0 are already shifted at the perturbative level. 


3.1 Perturbative S'f/(2)(i) monodromies 


Let us now consider the element a which corresponds to the Weyl reflection in the hrst 
enhanced S'f/(2)(i). 

Under the mirror transformation a, T U,T — U ^ — U), and the P transform 

classically and perturbatively as 

pO ^ pO^ pi ^ pl^ p2 ^ p3^ p3 ^ p2 (^3 

The one-loop correction /(T, U) transforms asQ 

f{T,U) ^ f{U,T) = f{T,U)-t{T-Uf 

fT{U,T) = fu{T,U) + 2z{T-U), MU,T) = MT,U)-2z{T-U) (3.20) 
The / function must then have the following form for T ^ U 

f{T, U) = -{T- Uf log(T -U)+ A(T, U) (3.21) 

TT 

with derivatives 

/r(r, U) = -{T-U) log(T -U) + -{T-U) + At 

71 71 

fu{T, U) = --{T- U) log(T -U)-\t-U) + Au (3.22) 

TT TT 

A{T,U) has the property that it is hnite as T ^ U ^ l,p and that, under mirror 
symmetry T ^ U, At ^ Ajj. The 1-loop corrected Q 2 and Q 3 are thus given by 

= iSU - —(T - U) log(T -U)- -(T -U)- iAr 

TT TT 

2 ? 1 

Qs = iST + -{T- U) log(T -U) + -iT-U)- lAu (3.23) 

71 TT 


It follows from (|3.12|) that, under mirror symmetry T ^ U, the dilaton S transforms as 


S^S + i (3.24) 

^ Note that one can always add polynomials of quadratic order in the moduli to a given /(T, U) 

This results in the conjugation of the monodromy matrices. Hence, all the monodromy matrices given 
in the following are unique up to conjugation. 
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Then, it follows that perturbatively 


^ Q 2 ' 


' Qz ' 

+ 

(Os J 


(O 2 J 

V 



/ 

V 


T 

U 


\ 

/ 


Thus, the section hi transforms perturbatively as hi ^ where 



( \ 


i \ 


/ \ 


U 0 


I 0 


r] 0 

■phdi _ 

^ 00 


, U = 


, A = - 



^UA U ^ 


^0 


^0 


/ 

0 

T 

, C = 

/ 

2 

- 1 ] 


% 



2 y 


(3.25) 


(3.26) 


3.2 Truncation to the rigid case of Seiberg/Witten 

In order to truncate the perturbative S'[/(2)(i) monodromy T^i to the rigid one of 
Seiberg/Witten [Q], we will take the limit 0 as well as expand 

T = To + k 6 T 

U = To + kSU (3.27) 


Here we have expanded the moduli helds T and U around the same vev Tq ^ l,p. Both 
6 T and 6 U denote fluctuating helds of mass dimension one. We will also freeze in the 
dilaton held to a large vev, that is we will set S = (S) —>• cx). Then, the Q 2 and Qo given 
in (|3.23|) can be expanded as 


Q 2 — *(*S')To + KQ 2 , Q 3 — i{S)To + kQo 
~ 2 ? 7 

Q 2 = i{S)5U - {5T-5U) log K\6T-6U)--{6T-5U)-iATi5T,5U) 

TT 71 

~ 2 ? 1 

Qs = i{S)6T+-{5T-5U) log K‘^{ 6 T- 6 U) + -{5T-5U)-iAuiST,6U) 

TV TV 

(3.28) 


Next, one has to specify how mirror symmetry is to act on the vev’s Tq and (S) as well 
as on 6 T and 6 U. We will take that under mirror symmetry 


To ^ To , 6T^6U , (S) ^ (^) 


(3.29) 
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Note that we have taken (S) to be invariant nnder mirror symmetry. This is an important 
difference to (|3.24|) . Using ( p.29| ) and that 6 T — 6 U —*• e~^'"{ 6 T — 6 U), it follows that the 
trnncated qnantities Q 2 and Q 3 transform as follows nnder mirror symmetry 


^ Q 2 ^ 

[Qs ) 


V 


+ 


2 -2 
-2 2 


/ \ 

5T 

y6Uj 


(3.30) 


Defing a truncated section P^,iQ 2 ,iQ 3 ) = {i 6 T,i 6 U,iQ 2 ,iQ 3 ), it follows that 

12 transforms as 12 —»• r)((jil2 under mirror symmetry (|3.29|) where 



( ~ \ 


( \ 


/ \ 


U 0 


0 1 


-2 2 

■p'lUl _ 

^ 00 


, U = r] , r] = 


, A = 



^UA U ^ 




V 2 -2, 


(3.31) 


Note that, because of the invariance of (S') under mirror symmetry, A 7 ^ —C, contrary 
to what one would have gotten by performing a naive truncation of ( p.26|) consisting in 
keeping only rows and columns associated with (P^, P^,iQ 2 ,iQ 3 )- 

Finally, in order to compare the truncated SU{2) monodromy (|3.31|) with the perturba¬ 
tive SU{2) monodromy of Seiberg/Witten [^, one has to perform a change of basis from 
moduli fields to Higgs fields, as follows 


( \ 


( \ 



a 

= M 12 , M = 

m 

1 

, m = 

1 -1 




42 


J 


V J 


^ 2 


(3.32) 


where 7 denotes a constant to be fixed below. Then, the perturbative SU{2) monodromy 
in the Higgs basis is given by 


^Higgs ^ 


/ 


mUm ^ 



^ m*UAm ^ m*UmF ^ 


which is computed to be 



/ \ 

-1 


1 


40-10 


V 


1 


/ 


(3.33) 


(3.34) 
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Note that (|3.34|) indeed correctly shows that, under the Weyl reflection in the first SU{2), 
the second SU{2) is left untouched. The fact that ( |3.34|) reproduces this behaviour can 
be easily traced back to the fact that we have assumed that (S) stays invariant under 
the mirror transformation 6T <->■ 6U. Finally, comparing with the perturbative SU{2) 
monodromy of Seiberg/Witten |l[] yields that 7 ^ = 2, whereas comparision with the 
perturbative SU{2) monodromy of Klemm et al Q] gives that 7 ^ = 1. 


3.3 Relating A to the dilaton vev (S') 


In the following we will consider the rigid limit and relate the dynamically generated 
scale A of Seiberg/Witten [jl[ to the frozen dilaton vev (S). 


We took the / function to be of the following form for T —>■ U 

f{T, U) = -{T- Uf log(T -U)+ A(T, U) (3.35) 

TT 

A{T,U) denotes a 1-loop contribution coming from additional heavy modes associated 
with SU{2)(2)- For energies in a regime where \ST -|- 6U\^ \5T — 3> 

A^, these heavier modes decouple from the low energy effective action and the 1 -loop 
correction is due to the light modes associated with the first S't/(2)(i), only. Then, in 
this regime the 1-loop contribution A(T, U) can be safely ignored. 

The Higgs section = (ai, 02 , odi, 0 ^) 2 ) is obtained from the truncated section 

P^,iQ2,iQ3) = {i6T,i5U,iQ2,iQ3) via 


Then 


( \ 

a 


^an j 


M = 

( 

m 


7 

, m = —= 

/ 

1 

-A 


[ 

m* ^ 



1 / 


(3.36) 


ai = 


ttDl — 


^(HT-iU) , a., = ^(liT + SU) 


1 

a /27 . 

i 


(Q 2 — Q 3 ) 


(S) {6T -6U) + - {ST - SU) log {ST -SU) + - {ST - SU) 

71 71 


(^D2 — 


^P2l 

and consequently 


{Q2 + Qs) 


\f2'y 


(S) {ST + SU) 


(3.37) 


% 4'X _ 

am = ——(S')ai — log 1 


V2 

—^ 

V 7 


2i 2 

—5-01-5-01 

TT'y^ 7 ^ 
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(3.38) 


= -(^) 


7 


TT y 7 y TT 


+ 2i 


0-02 — -ij{S)a2 


7 


Setting 


4i 


am = -log — 


TT'y^ 


ai \ 2i 


A / Try 


-Oi 


it follows that 


A = g-f(5>-logf + f 


in the rigid case. 

In the local case, on the other hand, the dynamically generated scale 


(3.39) 


(3.40) 


(3.41) 


is in general not invariant under modular transformations due to an associated transfor¬ 
mation of the dilaton S. 


3.4 Perturbative SU{2)(2) monodromies 

Under the Weyl twist W 2 in the second S'f/(2)(2), the moduli T and U transform as T —>• 
^,U —>• The section transforms perturbatively as —*• is conjugated to 


by Since Tl^^l can be taken to have no perturbative corrections 0. we get 

that 


■n?t ;2 _ 

C50 


( \ 
U 0 


UA U 


( 


, V = 


rj 0 

0 / 




A = 


( \ 

-C 0 


0 —rj 



( 



/ 

\ 


0 

1 


2 

-1 

T] = 



, C = 








2 y 


It then follows that perturbatively 


^ Q2' 


' Q2 ' 



Qs J 


Q3 ) 


Ay 


(3.42) 


(3.43) 


®Seiberg/Witten corresponds to 7 ^ = 2. Taking into account that their looping around singular 
points is opposite to ours gives total agreement between our and their results. 
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Next, let us construct 1-loop corrected Q 2 and Q 3 which have the above monodromy 
properties. We will show that the 1-loop correction /(T, U) reproducing the perturbative 
monodromy ( |3.43| ) is, in the vicinity of T = ^, given by 

f{T,U) = --{6T + 6UY\og{6T + 6U) + E{T,U) (3.44) 

TT 

where we have expanded T = To(l -|- 6 T), U = ^(1 -|- SU). S(T, U) and its derivatives 
'Et,u have the property that S —S, '^t,u under the linearised transformation 

laws 6 T —>• —6U, 6U —>• —5T, 6 T+6U —*• e~™{5T+5U). An example of a H(T, U) meeting 
these requirements is given by S = y(5T — 5U)‘^ log{6T — 6U). Using (|3.44|) , it follows 
that Q 2 and Q 3 are at the linearised level given by 


Q2 = iSUP^-lP^fT 


Tn 


Q3 = iSTP^-iP^fu 


TT Tn 


TT 


= iSTo{l + 8T)-i (--To{8T + 8U) \og{8T + 8U) - -T^{8T + 8U) + Eu] 

V TT TT / 

(3.45) 

Now, under T —>• U —> the dilaton transforms as S^S — i + i^ + 5 ^( 2 / — T/r — 
Ufu), whereas the graviphoton transforms as P^ —> P^. Linearising these transformation 
laws, using the properties of Et,u given above as well as 


2/ - Tfr -Ufu = - { 8 T + 8 U + 2{8T + 8 U) \og{ 8 T + 8 U)) (3.46) 

TT 


gives that 


Q2 tS — - t 

- 1-0 




vr Tn 


TT Tn 


(1 + 8 U) 

To 

(3.47) 


and similarly that 


Q3^Q3-To{1 + 8T) 


(3.48) 


Thus, the 1-loop correction / given in (|3.44|) correctly reproduces the perturbative mon¬ 
odromy (|3.43| ). Note that ( |3.46|) implies that 2E—TEt—UEu = 0 which is an independent 
constraint on S. Again this requirement is satished by 


= -{ 8 T - 8 Uf\og{ 8 T - 8 U) 

TT 


(3.49) 


at the linearized level. 
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3.5 Truncation to the rigid case 


Next, consider truncating ( |3.43|) to the rigid case. In the rigid case one expects to recover 
a second copy of the S'?7(2)-case discussed by Seiberg/Witten |l|. In order to do so, we 
will freeze in both the graviphoton (P°) = 1 and the dilaton (S) = oo. That is, both 
and S will be taking to be invariant under 6T —>■ —6U, 6U —>■ —6T. Note that, in 
particular, (P°) = 1 is a hxed point of = TU = (1 + (5T + 6U) in the local case. 

Then, (|3.45|) can be written as 


Q2 — i{S)— + —Q2 , Q3 —'i{S)To + T0Q3 
J-O -LQ 

Q 2 = z{S)6U-z(--{6T + SU)\og{6T + SU)--{6T + 6U) + Est] 

\ TT TT J 

Qs = i{S)8T-i(--{5T + 5U)\og{8T + 5U)-\5T + 5U)+Esu] (3.50) 

V TT TT / 


Let as impose yet another condition on Et^Ui namely that E^t = —"E^su at the linearised 
level. Note that S = ^{8T — 8U)‘^\og{8T — 8U) is an example of a S meeting this 
additional requirement. Then, it follows that under 8 T —>■ —8U, 8T —8U, 8T + 8 U 
e-i^( 8 T + 8 U) 




^ -Q3 ^ 

- 2 

( \ 
8TP8U 

1,4 J 


\ ) 


^8TP8U ^ 


(3.51) 


Thus, the truncated section = {i 8 T,i 8 U,iQ 2 ,iQ 3 ) transforms as where 



/ 

-V 

0 j 


( 

0 

1] 

■p 4 i ;2 _ 

■^00 

^ -21 - 2g 

-» J 

, V = 


% 


(3.52) 


The two critical lines T = U and TU = 1 are in the local case related by the group 
element gi which acts by T 1 /T, U ^ U. The monodromy matrices associated with 
the two lines are related through conjugation by This transformation permutes 

the two SU{ 2 ) factors (outer automorphism of SU{ 2 )‘^) and therefore is also present in 
the rigid theory. Consequently we expect that the two truncated monodromies f are 
also conjugated. The conjugation matrix is then the truncated version of Now the 
linearized section transforms classically under gi by 

{i8T, i8U, 1Q2,1Q3) ^ {-t8T, i8U, 1Q2, -iQ^) (3.53) 
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Since has been taken to have no perturbative corrections we expect that this 
transformation law is likewise not modihed in the rigid case. Then 


/ 


p(9l) _ 


V 


-10 0 0 
0 10 0 

0 0 10 

0 0 0 -1 






(3.54) 


/ 


should be the truncated version of the permutation of the two SU{2)s. And indeed one 
easily verihes that = f(9i)f^i)f(si)_ 


3.6 Perturbative SU{2Y monodromies 


Under the combined Weyl twists wiW 2 of SU{2)‘^, the moduli T and U transform as 


T^^,U 


v 


The section transforms perturbatively as 




-pSU{2)^ _ -pwi-pw2 

OO CXD OO 


f rr ) 


( \ 


( \ 


( \ 

U 0 


r] 0 


r] 0 


0 1 


,U = 


,X = -2 






^0 


^0 ^ 


(1 oj 


3.55) 


It then follows that perturbatively 


' Qi ' 


' Qa ' 

- 2 

ft/] 

Qa J 


( Qa J 




(3.56) 


Inspection of ( |3.21| ) and of (|3.44|) shows that the 1-Ioop correction /(T, U) reproducing 
the perturbative monodromy (|3.56D should, in the vicinity of T = U = 1, be given by 

/(T, U) = ^ ((5T - 6Uf \og{6T - 6U) - {ST + SUf \og{ST + SU)) (3.57) 

Note that (|3.57| ) satishes all the requirements imposed on A(T, U) and on S(T, U) in the 
previous sections. Using (|3.57|) , it follows that Q 2 and Q 3 are at the linearised level given 
by 

Q2 = iSUP^-lP^fT 

2i 

= iS{l + SU) - {{ST - SU) \og{ST - SU) - {ST + SU) \og{ST + SU) - SU) 

TV 

Qs = iSTP^-iP^fu 

= iS{l + ST)-- {-{ST - SU) \og{ST - SU) - {ST + SU) \og{ST + SU) - ST) 

71 

(3.58) 
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Under W1W2, T ^ ^,U and the dilaton transforms as S' —> S + ^ + ^( 2 / —T/^ — 
Ufu), whereas the graviphoton transforms as —> P^. Linearising these transformation 
laws nnd nsing that 

2/ - T/t -Ufu = - {ST + SU + 2{ST + SU) \og{ST + SU)) (3.59) 

TT 

it follows that nnder ST —ST = e~^'"ST, SU —> —SU = e~^'^SU 
Q2 iS{l + ST)- — {-{ST-SU)\og{ST-SU)-{ST + SU)\og{ST + SU)-ST) 

TT 

- 2(1 + SU) = Qs - 2(1 + SU) (3.60) 


and similarly that 


Os ^ ft - 2(1 + ST) 


(3.61) 


Thus, the 1-loop correction / given in (|3.57|) indeed correctly reproduces the perturbative 
monodromy (|3.56|) . 


3.7 Truncation to the rigid case 


Next, consider truncating the above SU{2)‘^ monodromies to the rigid case. In the rigid 
case one expects to recover 2 copies of the SU (2)-case discussed by Seiberg/Witten. As 
before, we will freeze in both the graviphoton and the dilaton to its hxed point values, 
i.e. (P°) = 1, (S) = cx). 


Then, (|3.58|) can be written as 


Q 2 — i{S) + Q 2 , Qs — ^S) + Qs 

2 ? 

Q 2 = i{S)SU - {{ST-SU)\og{ST-SU)-{ST + SU)\og{ST + SU)-SU) 

TV 

Qs = i{S)ST--{-{ST-SU)\og{ST-SU)-{ST + SU)\og{ST + SU)-ST) 

TT 

(3.62) 


Then, it follows that under ST —>■ e ^'^ST = —ST, SU —>■ e ^'^SU = —SU 


^ Q 2 ^ 


^ -Q 2 ^ 

-4 

( \ 
SU 

V J 


1 

CO 




Consequently, the truncated section fl transforms as —>■ with 


fSU{2)'^ 

^ 00 


/ 

\ 


/ 

\ 

-I 

0 

, 7 = 

0 

1 

t-4-, -I } 



% 


(3.63) 


(3.64) 
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It can be checked that 


p5;7(2)^ _ puiipui2 


(3.65) 


as it must for consistency. Finally, rotating to the Higgs basis gives that 


/ 


-pHiggs,SU{2)'^ _ yi^-nSC/(2)2 ^-1 _ 


-1 




-1 


0 -1 0 


-1 


(3.66) 


3.8 The first Weyl twist w[ of SU{3) 


Under the hrst Weyl twist w[ of SU{3), the moduli T and U transform as T 
The section H transforms perturbatively as H > F^^H, where 



T- 



/ 


\ 


( 



/ 

\ 



[/ 

0 


V 

0 


-c 

0 

_ ■piH 2 _ 

■^00 00 




, U = 



, A = 




1 

UA 



vO 



V 0 

-v) 


( 

0 

1 ] 

, C = 

/ 

2 

-A 


% 



2 y 


It then follows that perturbatively 


^ Q 2 ^ 


' Q 2 ^ 



V ) 


[ Qs j 




(3.67) 


(3.68) 


Next, let us construct 1-loop corrected Q 2 and Q 3 which have the above monodromy 
properties. We will show that the 1-loop correction /(T, U) reproducing the perturbative 
monodromy (|3.68|) is, in the vicinity of T = p = ^^/3 + |, U = given by 


f{T,U) = 


1 


i:zPogZ.-ix:zh , i=l,2,3 


(3.69) 


where 


= c({2-p^)6T+{2-p-^)6U) 

Z 2 = c (( 2 p 2 - 1)5T + ( 2 p -2 - 1)5U) 

Z 3 = c[{p^ + l) 6 T+{p-^ + l) 6 U) (3.70) 
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and where we have expanded T = p + 6T, U = p ^ + 6U. c denotes a constant which can 
be determined as follows. Differentiation of (|3.69|) gives that 


fruiST, 6U) = -(log Zi + log Z 2 + log Z 3 ) + finite 

71 


It follows that 


9c^ 

frui^T, 6U = 0) =-log(5T + finite 

71 


(3.71) 


(3.72) 


The logarithmic singnlarity ( b.72| ) shonld be 3 times as strong as the logarithmic singu¬ 
larity of the SU{2)i case given by fruiT = U + 6T, U) = —| log5T as computed from 
( p.22| ). Thus it follows that = |. Using (p.69|) , it follows that Q 2 and Q 3 are at the 
linearised level given by 


Q2 = iSUP^-iP^h 

= iS{p-^ + ^U) + - ((2 - log + ( 2 p 2 - 1 )Z2 log Z 2 + + 1 )Z 3 log Z3) 

Q3 = iSTP^-iP^fu 

= iS{p + 5T)P-({2- p-‘^)Z, log Zi + (2p-2 - 1)^2 log Z 2 + (p-2 + 1 )Z 3 log ZP 

71 \ / 

(3.73) 

Now, under T ^ ^,U ^ the dilaton transforms a.sS^S — i + i^ + 5 ^( 2 / — TfT — 
Ufu), whereas the graviphoton transforms as P^. Also, at the linearised level, 

5T — >• —p‘^ 6 U, 6 U —>■ —p~^ 6 T and, consequently, Zi — >• = — Zi,Z 2 Z 3 . Using 

that = I and that 

2/ - TfT -Ufu = ^ (2Zi log Zi - Z 2 log Z 2 + Z 3 log Z 3 ) + 0{6T6U) (3.74) 

TT 

it follows that at the linearised level Q 2 transforms into 

Q 2 ^ tS{p-^ + 6U)--({l-'-V3)Z,\ogZ, + 7V3Z2\ogZ2 + {l+'-V3)ZslogZ3) 
- (p-^ + 6 U)=Q2-U (3.75) 


and similarly that 


Qs^Qs-T (3.76) 

Thus, the 1-loop correction / given in (|3.69|) correctly reproduces the perturbative mon- 
odromy (p. 68 |) . Note that, although the 1-loop correction / given in ( |3.69| ) differs radically 
from the / function for the 517(2)2 case given in ( |3.44| ), both 1-loop / functions neverthe¬ 
less give rise to the same perturbative monodromy matrix ( p.67D . This is a consequence 
of the nontrivial transformation law of the dilaton. 
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3.9 Truncation to the rigid case 


Next, consider truncating the above to the rigid case. In order to do so, we will freeze in 
both the graviphoton and the dilaton to its fixed point values, i.e. (P°) = 1 and (S) = oo. 
In order to compare the truncated SU{3) monodromies with the rigid monodromies of 
Klemm et al 0, one has to perform a change of basis from the moduli helds to the Higgs 
helds. The Higgs section (a,a£))^ = ( 01 , 02 , 0251 , 002 ) is obtained from the truncated 
section = {i 6 T,i 6 U,iQ 2 ,iQ 3 ) via 


/ ^ 


f \ 


( 5 ^ 


{ . 1 \ 

0 


m 


P 


1 1 


= 




, m = —ic 


an J 


V / 


\ ) 




^ 3 


Then, indeed, 

Zi = c ((2 - p‘^) 6 T + (2 - p-‘^) 6 U) = 2oi - 02 
Z 2 = c ((2p2 - 1)^T + (2p-2 - = 2 o 2 - oi 

Z 3 = c + 1)6T + (p ^ + 1)SU'^ = oi + 02 

thus precisely reproducing equation (3.9) of Klemm et al @]. 
Equation (|3.73|) can now be written as 


Q2 — 'i'{S)p + Q2 5 Q 3 — i{S)p + Q 3 


with 


Q 2 — ^^(5 ')(—02 + p^oi) 
v3c 


Cl / \ 

+ — ((^ ~ log -^1 + (2p^ — 1)-Z^2 log Z2 + (p^ + ^)Z 3 log Z3 j 

TT V / 


Q3 — —^{S){a2 — p ^oi) 

v3c 


(3.77) 


(3.78) 


(3.79) 


+ — ((2 - p ^)ZilogZi + (2p 2 - l)Z2logZ2 + (p ^ + l)Z3logZ3) (3.80) 

TT V / 

Then, using (|3.77| ) it follows that 

odi = ■^(S')(o2 - 2oi) - - (2ZilogZi - Z2logZ2 + Z3logZ3) 

Z TT 

aD 2 = ^(S')(oi - 202 ) - - (-^1 logZi + 2Z2logZ2 + ZslogZs) (3.81) 

Z TT 
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Writing 


O-Dl 


= -^(2Z,\og^-Z,\og^ + Z,\og^ 


TT 


TT 




aD 2 = — -Zi log — + 2 Z 2 log -r + ^3 log 


A 


A 


A 


yields that 


A = e' 


{S)tt 


(3.82) 


(3.83) 


( P.81| ), on the other hand, reprodnces, up to an overall minus sign, equation (3.13) of 
Klemm et al |^. The Higgs fields oi and 02 transform as ai —>■ 02 — oi, 02 —>■ 02 under 
6T —y —p'^SU, 6U —> —p~^6T. It follows that the Higgs section transforms perturbatively 


as 


/ 


( \ 


y ciD j 


YHiggs,w[ 


( \ 


y ciD j 


YHiggs,w[ _ 


-1 

0 

4 

-2 


0 

0 


0 

0 

0 




(3.84) 




which reproduces equation (3.20) of Klemm et al [@. Note that in Klemm et al @] one 
loops around singular points in the opposite way we do. Since the function we chose, 
equation (p.69|) , has an opposite overall sign as compared to their function (3.16), it 
follows that our and their perturbative monodromies should coincide, as they indeed do. 

Finally note that, although F^^^ = Foo^ in the local case, the truncated monodromies 
Y^ 99 s,w 2 from each other. This is due to the fact that 

the associated 1-loop / functions are very different and that the dilaton has been frozen 
to (S) = cx) in the rigid case. 


3.10 The second Weyl twist tCg and the third Weyl twist Wq of SU{3) 


Under the second Weyl twist of SU{3), the moduli T and U transform as T ^ 
U + i,U T — i. Taking as the 1-loop corrected function /(T, U) the one given in 
( fj.69| ), it can be checked using ( |3.12D that S ^ S + i. Then, indeed, the 1-loop corrected 
Kahler potential K = — log(ltree+T),ert) is invariant under The resulting perturbative 

w' 

monodromy Foo^ is then given by 


r«'2 

00 


U„ 


U*, 


(3.85) 
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where is given in (|2.13|) and where 

/ 


A,,/ = 


-2 -1 -2 2 


-10 0 0 


-2 0-2 1 


y 2 0 1 -2 y 


(3.86) 


The perturbative monodromy TS* associated with the third Weyl twist is obtained from 
r cxo by conjugation as 


/ 


r"'o = 

oo y oo j 


-1 


F^iF^2 

^ CO ^ oo 




0 




u*, 




where is given in (p.l3|) and where 

/ 




0-3-2 2 


-3 0-2 2 


-2 -2 -4 3 


2 2 3 -4 


(3.87) 


(3.88) 


Truncation to the rigid case is again achieved by freezing in both the graviphoton and 
the dilaton, i.e. (P°) = 1, (S') = oo. Due to the choice ( |3.69|) of the 1-loop correction 
/(T, U), the resulting rigid monodromy matrices for the second and the third Weyl twists 
are again the ones given in equation (3.20) of 


3.11 Summary 

In summary, the complete semiclassical monodromy is given by the product of the four 
Wey 1-reflection monodromies times the monodromy matrix eq. ( |3.9|) which corresponds 
to the discrete shifts in the dilaton held. In the following we will show how the four per¬ 
turbative monodromies associated with the enhancement of gauge symmetries are to be 
decomposed into non-perturbative monodromies due to monopoles and dyons becoming 
massless at points in the interior of moduli space. 
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4 Non perturbative monodromies 


4.1 General remarks 

In order to obtain some information about non-perturbative monodromies in = 2 
heterotic string compactifications, we will follow Seiberg/Witten’s strategy in the rigid 
case [Q and try to decompose the perturbative monodromy matrices Too into Too = h d 
with Vm (hD) possessing monopole like (dyonic) hxed points. Thus each semi-classical 
singular line will split into two non-perturbative singular lines where magnetic monopoles 
or dyons respectively become massless. In doing so we will work in the limit of large 
dilaton held S assuming that in this limit the non-perturbative dynamics is dominated 
by the Yang-Mills gauge forces. Nevertheless, the monodromy matrices we will obtain 
are not an approximation in any sense, since the monodromy matrices are of course held 
independent. They are just part of the full quantum monodromy of the four-dimensional 
heterotic string. 

Let us now precisely list the assumptions we will impose when performing the split of 
any of the semiclassical monodromies into the non-perturbative ones: 

1. Too must be decomposed into precisely two factors. 

Tcx) = TmT^) (4.1) 

2. Vm and therefore To must be symplectic. 

3. Vm must have a monopole like hxed point. For the case of Wi, for instance, it must 
be of the form 

(Y, -M) = (O, 0, -N\ 0, 0, 0, O) (4.2) 

4:. V£) must have a dyonic hxed point. For the case of tci, for instance, it must be of 
the form 

(Y, -M) = (O, 0, N\ -N\ 0, 0, -M2, M 2 ) (4.3) 

where Y^ and M 2 are proportional. 

5. Vm and V£, should be conjugated, that is, they must be related by a change of 
basis, as it is the case in the rigid theory. 

6. The limit of large S should be respected. This means that S should only transform 
into a function of T and U (for at least one of the four SU{2) lines, as will be 
discussed in the following). 
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In the following we will show that under these assumptions the splitting can be performed 
in a consistent way. We will discuss the non perturbative monodromies for the S'[/(2)(i) 
case in big detail. Unlike the rigid case, however, where the decomposition of the pertur¬ 
bative monodromy into a monopole like monodromy and a dyonic monodromy is unique 
(up to conjugation), it will turn out that there are several distinct decompositions, de¬ 
pending on four (discrete) parameters. Only a subset of these distinct decompositions 
should be, however, the physically correct one. One way of deciding which one is the 
physically correct one is to demand that, when truncating this decomposition to the rigid 
case, one recovers the rigid non perturbative monodromies of Seiberg/Witten. This, how¬ 
ever, requires one to have a reasonable prescription of taking the flat limit, and one such 


prescription was given in section (3.2). 

The non-perturbative part of the prepotential will depend on the S'-held. We will 
make the following ansatz for the prepotential 


F = i- 


XO 


+ (A'Y {f{T,U) + f'’(.S,T,U)) 


(4.4) 


Then the non-perturbative period vector 12^ = (P, iQ)'^ takes the form 


= {l,TU-f^^,zT,zU,zSTU + 2z{f + f^)-zT{fT + f^^)-zU{fu + f^^) 

- zS, -SU + fT + /r, -ST + fu + O (4.5) 


This leads to the following non-perturbative mass formula for the BPS states 

M = MjP^+ iN^Qj = Mo +Mi{TU - +iM2T+ iM3U+ iN\STU 

+ 2(/ + /^P) - Tifr + /r) - U{fu + /D - + ^N^S 

+ iN\iSU - ifT - ^/D + iN\iST - ifu - (4.6) 

Then we see that all states with Mi 7 ^ 0 or 7 ^ 0 undergo a non-perturbative mass 
shift. In the following we will use this formula to determine (as a function of /np and its 
derivatives) the singular loci where monopoles or dyons become massless. This will, for 
concreteness, be done for the case of S'P( 2 )(i). 


4.2 Non perturbative monodromies for 5*^(2) (i) 

In order to hnd a decomposition of TJj)), T)))) = , we will now make the following 

ansatz: TJj)) has a peculiar block structure in that the indices j = 0,1 of the section 
{Pj,iQj) are never mixed with the indices j = 2,3. We will assume that and T^^ 
also have this structure. This implies that the problem can be reduced to two problems 
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for 4 X 4 matrices. Furthermore, we will take to be the identity matrix on its 
diagonal. The existence of a basis where the non-perturbative monodromies have this 
special form will be aposteriori justified by the fact that it leads to a consistent truncation 
to the rigid case. 

Then, let us hrst consider the submatrix of TJ^^ which acts on P^,iQ 2 ,iQ 3 )^ . We 
will show that its decomposition into non-perturbative pieces is almost unique. More pre¬ 
cisely, there will be a one parameter family of decompositions, as follows. The submatrix 
of T^i acting on (P^, P^, iQ 2 , iQs)^ is given by 

0 10 0 

1 0 0 0 

Too, 23 = (4.7) 

1-201 

-2110 

It will be decomposed into Too ,23 = rM, 23 rD, 23 - As stated above, we will make the 
following ansatz for the monopole monodromy matrix Tm ,23 

1 0 a b 

0 1 c d 

Tm,23 = (4.8) 

p q 1 0 

r s 0 1 

The existence of an eigenvector of the form (1, —1, 0, 0) implies that p = q,r = s, whereas 
symplecticity implies r = p, a = —b = —c = d. Thus 

10a —a 

0 1 —a a 

^ M,23 = (4.9) 

p p 1 0 

p p 0 1 

Computing the eigenvectors we hnd that the monopole hxed point is unique (though the 
eigenvalue 1 has multiplicity 4). Thus, Tm ,23 appears to be reasonable. Computing T ^ 23 
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we find 


—3 a 

1 + 3 a 

a 

—a 

1 + 3 a 

—3 a 

—a 

a 

1 — p 

—2 — p 

0 

1 

—2 — p 

1 — p 

1 

0 


Requiring the existence of a dyonic fixed point of T^ 23 fixes a 
automatically gets that —M 2 = \N‘^- Hence 


(4.10) 


— I. Moreover one 


Tjuga — 


1 0 -2/3 

2/3 


2 -1 - 2/3 2/3 

0 1 2/3 

-2/3 

, ro^23 — 

-1 2 2/3 - 2/3 

p p 1 

0 


1—p —2—p 0 1 

p p 0 

1 


—2—p 1—p 1 0 


(4.11) 


For 7 ^ 0 these matrices are conjugated, because they have the same Jordan normal 
form. This is, however, not the case if p = 0. Naively one might have expected this 
to be the natural choice because it makes Tm,23 block triangular. But in the case of 
p = 0, r m ,23 has an additional eigenvector, whereas F23 doesn’t have one, and hence 
the matrices are not conjugated. 


Next, consider the submatrix of F^^ which acts on (P°, P^, iQo, Rs symplectic 

decomposition is less constrained. Since we are in the perturbative regime with respect 
to S', namely at S = cx), we are not looking for non-perturbative effects in the gravi- 
ton/dilaton sector, but only for non-perturbative effects in the gauge sector. Thus, the 
decomposition of Too ,01 should be of the perturbative type. 


This, on the other hand, gives a three parameter family of decompositions of the pertur- 
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bative monodromy Foo.oi) namely 


1000 1000 1 0 00 

0100 0100 0 1 00 

Too,01 = = ■ (4-12) 

0—110 X y 1 Q —X —y — 1 1 0 

—1001 y V 0 1 —y — 1 —v 01 

where both parts have no hxed point. They are conjugated to each other, because they 
have the same Jordan normal form. 

Putting all these things together yields the following 8x8 non-perturbative monodromy 
matrices that consistently describe the splitting of the T = U line 

1 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 

0 0 1 0 0 0 -2/3 2/3 

0 0 0 1 0 0 2/3 -2/3 

rs = (4.13) 

xi/OOlO 0 0 

ynOOOl 0 0 

OOppOO 1 0 

OOppOO 0 1 
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■pwil _ 

J- D — 


0 0 0 0 


0 0 0 0 


—X —y — 1 0 


-y-l -V 


-1 0 0 -2/3 2/3 


0 0 2/3 -2/3 


0 10 0 


0 0 10 


0 1—p—2 — pOO 0 1 


0 —2 — pi—p 00 1 0 


The associated fixed points have the form 

{N, -M) = (O, 0, -iV^, 0, 0, 0, O) 

for the monopole and 

(iV, -M) = (o, 0, N\ -N\ 0, 0, 

for the dyon. 


(4.14) 


(4.15) 


(4.16) 


4.3 Truncating the S't/(2)(i) monopole monodromy to the rigid case 


The monopole monodromy matrix for the first SU{2), given in equation ([4.13| ), depends 
on 4 undetermined parameters, namely x,v,y and p 7 ^ 0. Note that demanding the 
monopole monodromy matrix to be conjugated to the dyonic monodromy matrix led to 
the requirement p 7 ^ 0 . 


On the other hand, it follows from ([4.131) that 


S^S-i{y + v(TU - /r)) 


(4.17) 
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Consider now the 4x4 monopole snbblock given in ([4.111) 


pUIl _ 

M23 ~ 


1 0 —2a 2a 


0 1 2 a 


p p 


p p 0 


- 2 a 


a = - 




(4.18) 


Rotating it into the Higgs basis gives that 


-pHiggs,wi _ A/T~^ _ 

L M — IVIL — 


1 0 —4a7^ 0 


0 1 


0 0 


0 ^ 


0 


“=3 


(4.19) 


where M is given in eqnation (|3.32|) . In the rigid case, on the other hand, one expects 
to hnd for the rigid monopole monodromy matrix in the Higgs basis that 


1 0 —4a7^ 0 


Y'Higgs^wi _ 

^ M — 


0 1 


0 0 


0 ^ 

7 


a = 


p = 0 


(4.20) 


The hrst and third lines of ( [4.2(]| ) are, for a = nothing bnt the monodromy matrix for 
one SU{2) monopole ( 7 ^ = 2 in the conventions of Seiberg/Witten []^ , and 7 ^ = 1 in 
the conventions of Klemm et al [^). 

Thns, trnncating the monopole monodromy matrix ( [4.13|) to the rigid case appears to 
prodnce jnmps in the parameters p —> p = 0 and a —*• d as given above. In the following 
we wonld like to present a held theoretical explanation for the jnmps occnring in the 
parameters p and a when taking the rigid limit. 

In the pertnrbative regime, that is at energies satisfying \6T + SUl"^ ^ \6T — SUl"^ 3> 
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3 > A^, we saw in subsection (|3.3| ) that am and am were given by 


odi 

002 


* 4t /V2 \ 

- -Sai -^oilog —oi 

7^ TT'f^ y 7 J 

\sa2 

T 


2i 

71-72 


2 

Oi-^Ol 


(4.21) 


Note that 0^2 didn’t get any 1-loop correction in this regime. On the other hand, as 
£■2 —4 A^, non-perturbative corrections become important. For am one expects these 
non-perturbative corrections to be given by [|l| 

002 = —Sa2 + ''^Ek[ — j a\ (4.22) 

fc>l \02/ 


However, since \a 2 oc 5T -|- 6U\ 3> A, it follows that the non-perturbative corrections to 
aD 2 can here also be ignored, that is aD 2 = ^Sa 2 in the regime under consideration. 
For a^i, on the other hand, the non-perturbative corrections become important when 

£2 ^ a2. 


Now, under the monopole monodromy (|4.13|) the dilaton shifts as in (^4.17|) , whereas 
o >2 —^ 0‘2 as can be seen from ([4.19|). Then it follows that 


01)2 — 


r 


Sa 2 ^\{S-i[y + v{TU - /I'P)]) aa 


7 


— 0D2 + 


T 


y + viTU - fn 


02 


(4.23) 


Comparing with (|4.19| ) shows that v = 0,2p = y for consistency. Next, consider taking 
the rigid limit by freezing in the dilaton to (S). Then, under 02 —> 02 it follows that 


od2 — -i^{S)a2 —^ —{S)a2 — am (4.24) 

Thus, due to the freezing in of the dilaton held, one hnds that p ^ 0 —>■ p = 0\ 

Next, consider the dynamically generated scale A which, in the local case, is given by 


A = 


-^5-log^- 

- g 4 O -y 


(4.25) 


Under ([4.17|) , it follows that log A transforms into 

log A ^ logA + ^ ( 1 / + v{TU - 
which for n = 0 turns into 


ITT 


logA ^ logA —y 


(4.26) 


(4.27) 
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In the rigid case, as —> ai was determined by Seiberg/Witten to be given by 


2za'y^ , a_Di ~ 1 

Oi = constant -a£)ilog—— , a =- 

TT A 4 

qdi = co{u — A^) (4.28) 

Indeed, as m — A^ —> — A^), aoi —>■ it follows that 

tti —^ tti — 4ciy^ OiDi 

Qdi —> ciDi (4.29) 

which is consistent with (^4.2CI| ). The 1-loop contribution to Oi can also be understood as 
arising from a Feynman graph in the dual theory with 2 external magnetic photon lines 
and a light monopole hypermultiplet of mass m oc am running in the loop. The 1-loop 
beta function coefficient is proportional to a. 

In the local case, on the other hand, nothing changes in the computation of this magnetic 
Feynman graph. Thus, in the local case one has again that 

Oi = constant -^^o/jilog^^ , a = - (4.30) 

TT A 4 

A crucial difference, however, arises in that the dynamically generated scale A now trans¬ 
forms as well under modular transformations, namely as given in (|4.27|) . Then, it follows 
that 

2ia'y‘^ m ^ 

ai —>■ ai -(—2*7r-?/)a£)i = Oi — day am 

71 4 

aoi —>■ am (4-31) 


where a = d(l -f |). Thus, one sees that the jump in a —>■ d when taking the rigid limit 
is a direct consequence of the freezing in of the dilaton. Finally, with d = 4 and a = | 
it follows that 1/ = | and that P = |- 

Thus, we have given a held theoretical explanation for the jumping occuring in certain 
parameters when taking the rigid limit. As a bonus we have also been able to determine 
the value of the parameters v, y and p. Moreover, one can show that, in order to decouple 
the four t/(l)’s at the non-perturbative level, one has to have x = v and consequently x = 
0. It is, indeed, reasonable to have x = 0 because then the nonperturbative monodromy 
matrices ( |4.13| ) and ( [4.14|) become symmetric with respect to T and U. Note that n = 0 
ensures that S —>■ S — iy under the S'f/(2)(i) monopole monodromy. 
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4.4 Singular loci for S'f/(2)(i) 


Let us consider the Weyl twist Wi in the hrst SU (2). The associated monopole eigenvector 
has non vanishing quantum numbers Then, it follows from ([4.61) that its 

mass vanishes for Q 2 = Q 3 , which gives that 


,S{T -U)- z{fT - fu) - - fu) = 0 

Under the monopole monodromy (|4.13|) , it follows that 

T^T-^{Q2-Q3) 

U^U+^{Q2-Q3) 


(4.32) 


(4.33) 


Then, on the locus of vanishing monopole masses (2]^), one has that T ^ T,U ^ U. 

The associated dyon eigenvector, on the other hand, has non vanishing quantum numbers 
M 3 = —M 2 = = —N'^. Then, it follows from ( |4.6| ) that its mass vanishes for 


T-U = -{Q2-Q3) 

Under the dyon monodromy (|4.14|) , it follows that 


(4.34) 


T^-f/ + 2T--(Q2-Q3) 


U 


-T + 2U + -{Q2-Q3) 


(4.35) 


On the locus of vanishing dyon masses (|4.34|) one then has again that T T,U ^ U. 
Similar considerations can be made for any of the other 3 SU{2) lines. 


4.5 Non perturbative decomposition of the other 3 SU{2) lines 

As discussed in section |^, the perturbative monodromy matrices associated with the 
4 SU{2) lines are conjugated to each other by the generators a,gi and g 2 - Then, it 
follows that the non-perturbative decomposition of any of the perturbative monodromies 
associated with W 2 , w[ and is conjugated to the non-perturbative decomposition 
given above for For concreteness, we will below show how the non-perturbative 

monodromies of S'U( 2 )( 2 ) can be obtained from the ones of S't/( 2 )(i) by conjugation 
with the generator gi. We will hnd one additional monopole and one additional dyon 
eigenvector for 517(2) ( 2 ). An analogous decomposition of the remaining perturbative 
matrices associated with W 2 and Wq leads to 1 additional monopole and to 3 additional 
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dyons. Thus, similarly to what one has in the rigid case, one finds 2 monopoles and 
2 dyons for the case of S'[/(2)(i) x SU{2)(^2), whereas for the SU{3) case one finds 2 
monopole and 4 dyon eigenvectors, which are conjugated to each other 


The explicit matrix representation of the generator gi 

is 




0 

0 

1 

0 

0 

0 

0 

0 



0 

0 

0 

1 

0 

0 

0 

0 



-1 

0 

0 

0 

0 

0 

0 

0 


p(9l) _ 

0 

-1 

0 

0 

0 

0 

0 

0 

(4.36) 


0 

0 

0 

0 

0 

0 

1 

0 



0 

0 

0 

0 

0 

0 

0 

1 



0 

0 

0 

0 

-1 

0 

0 

0 



0 

0 

0 

0 

0 

-1 

0 

0 



where = —I. The perturbative and non-perturbative monodromies for SU{2)(^2) 

are obtained from the monodromies of S'?7(2)(i) by conjugation with T^^^^ d = 

They are computed to be 


0 1 0 0 0 0 0 0 

1 0 0 0 0 0 0 0 


0 0 1 0 0 0 0 0 


r{«'2) _ 
oo 


0 0 0 1 0 0 0 0 

1-20 00100 


-21 0 01000 


(4.37) 


0 0 0-10010 

0 0-100001 
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1000 - 2/3 2/3 0 0 


■r(«'2) 

D 


■r{«'2) _ 

M — 


2 

-1 2 

0 0 

0 0 

l-p -2- 

-2-p 1- 

0 0 

0 0 


0 10 0 

0 0 10 

0 0 0 1 
p p 0 0 

p p 0 0 

0 0 X y 
0 0 y V 
0 

0 

1 

0 

- p 0 
p 0 

—X 

-y - 1 


2/3 -2/3 0 

0 0 0 

0 0 0 

1 0 0 

0 1 0 

0 0 1 

0 0 0 

0 -2/3 

0 2/3 

0 0 

1 0 

0 0 

0 1 

-y-l 0 

—V 0 


0 

0 

0 

0 

0 

0 

1 

2/3 0 0 

-2/3 0 0 
0 0 0 

0 0 0 

1 0 0 

0 0 0 

0 1 0 

0 0 1 


(4.38) 


(4.39) 


First note that now Pq transforms into some Qi, and therefore the constraint S = oo 
seems to be violated. However, since now something non-trivial has to happen with 
the quantum numbers Nq, Ni which are related to the magnetic quantum numbers of 
SU (2) ( 2 ), it is inevitable, that some non-vanishing entries appear at that place. Moreover, 
the physics should be the same as on the line T = U because both sets of matrices are 
conjugated by a perturbative monodromy transformation. 
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The associated fixed points have the expected form, namely 


{N, -M) = N\ 0, 0, 0, 0, 0, O) 


(4.40) 


for the monopole and 


(N, -M) = ( 



(4.41) 


for the dyon. 

5 Conclusions 

We have shown in the context of four-dimensional heterotic strings that the semiclassical 
monodromies associated with lines of enhanced gauge symmetries can be consistently 
split into pairs of non-perturbative lines of massless monopoles and dyons. Furthermore, 
all monodromies obtained in the string context allow for a consistent truncation to the 
rigid monodromies of [|^ |^, ^. It would be very interesting to compare the monodromies 
obtained on the heterotic side with computations on the type II side of monodromies in 
appropriately chosen Calabi-Yau spaces. 

In this paper we have not addressed the splitting of the semiclassical monodromy (|3.9|) , 
associated with discrete shifts in the S field, into non-perturbative monodromies. If 
indeed such a splitting occurs, then it should be due to new gravitational stringy non- 
perturbative effects occuring at finite S', i.e. S ~ 1. 
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7 Note added 

After completion or our work non-perturbative monodromies were computed [p0| , us¬ 
ing the string-string duality between the N = 2 heterotic and type II strings. Specifically, 
for the rank two model with fields S and T it was shown that the type II Calabi-Yau 
monodromies at the conifold points correspond to the non-perturbative heterotic mon¬ 
odromies due to massless monopoles and dyons. The perturbative monodromy (in this 
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case T —and its decomposition into non-pertnrbative monopole and dyon mon- 
odromies, as compnted from the type II Calabi-Yau side, agree with our perturbative 
and non-pertnrbative monodromies after introducing a compensating shift for the dila- 
ton. This corresponds to a different, but equivalent freezing in of the dilaton. 
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